This paper consists of two parts and an appendix. In Part 1, we investigate Galois converings and consider the problem of reducing their fields of definition. We restrict ourselves to PSL 2 (Z/pZ)-coverings in Part 2. The results of Part t are applied to obtain Galois extensions with P S L 2 (Z/p Z) as Galois group. We show that if p is an odd prime such that 2, 3 or 7 is a quadratic non-residue modulo p, then PSL2(Z/pZ ) occurs as Galois groups over the rationals. To prove this, Shimura's theory of canonical system of models is used to reduce the fields of definition of certain Galois coverings. Previously, our result is only known for p = 3, 5 and 7.
Notation. For an associative ring S with an identity element, we denote by S x the group of all invertible elements of S.
Part 1. Generalities

Definitions
Let G be a finite group. A G-covering A is a quadruple (W, V, ~, q~) consisting of two projective non-singular algebraic curves W, V defined over C, a surjective rational map ~ : W--, g and an isomorphism ~0 of G into Aut(W), the group of automorphisms of W, such that the function field C(W) is a Galois extension of C(V) and ~0(G) coincides with the group of covering transformations of the covering ~ : W--* V.
Let A=(W,V,n,~) and A'=(W',V',~',~3 be two G-coverings. A pair (~, ~v) is called an isomorphism of A to A' if ~ (resp. ~r 0 is a biregular birational map of W onto W' (resp. V onto V') such that ~t'o ~ = ~ o and ~o' (g) o ~ = ~ o q~ (g) for all # e G. We say that A and A' are isomorphic if there is an isomorphism from A to A'.
Let k be a subfield of (7. A G-covering A=(W,V,n,t#) is defined over k if W, V, r~ and q~ (~) (g ~ G) are defined over k. Suppose A and A' are two G-coverings defined over k, then an isomorphism (~, ~) of A to A' is defined over k if • is defined over k. It is easy to see that this implies is also defined over k. Let A = (W, V, re, ~o) be a G-covering defined over k. For an isomorphism tr of k into C, define an isomorphism ~p" of G into Aut(W ") by tp'~(g) = ~o(g) ~, g ~ G. Then (W ~, V ~, r~ ~, tp*) is a G-covering defined over k. We denote this covering by A s.
Let A be a G-covering and k a subfield of C. A model of A over k is a G-covering defined over k which is isomorphic to A.
Weil's Criterion
Theorem 1. Let G be a finite group and k o, k subfields of C such that ko C k. Let A =(W, V, ~, tp) be a G-covering defined over k. For every tr~ Aut(C/ko) , let (~,, ~) be an isomorphism of A to A ° defined over kid. Then the following (A) and (B) are equivalent: (A) There exist a G-covering Ao defined over k o and an isomorphism (~, ~J) of A o to A defined over k such that ~o o ~-1 = ~o (therefore ~ o ~-1 = ~) for all tr E Aut(C/ko). (B) ~ o ~ = ~ (therefore ~** o ~ = ~,) for all tr, z ~ Aut(C/ko).
Proof. That (A) implies (B) is trivial. Assume (B). By Weil's criterion 1t2] there are two curves W0, V o defined over k o and two biregular birational maps • : Wo ~ W, ~ : 11o---, V defined over k such that ~o o ~-=ff)o, ~Oo ~-t=~,, for all aeAut(C/ko). Define n0: I41o--,1/o by So = ~-lono~ and q~o: G~Aut(Wo) by ~.ao(g ) = ~-to~o(g)o~ for g~G. Then A0 = (Wo, Vo, n0, q~o) is a G-covering defined over ko, and (~, ~) is an isomorphism of Ao to A defined over k. Proof. That A has a model over k0 implies the existence of ~,'s is trivial. Conversely, assume for every tre Aut(C/ko) there is a biregular birational map ¢~ : W~ W " defined over kk ~ satisfying (a) and (b). By (b), there is a biregular birational map ~ : V~ W defined over k/d such that (,/,~, ~g,) is an isomorphism of A to A ". Hence by Theorem 1, condition (a) implies the existence of a model of A over k 0 which is isomorphic to A over k.
Corollary 2. Let G be a finite group and k o, k two subfields of C such that k o C k. Let A = (I41, V, n, tp) be a G-covering defined over k. Then A has a model over k o which is isomorphic to A over k if and only if for every (re Aut(C/ko) , there is a biregular birational map ~, : W~ W ~ defined over kl¢" such that
Recall that a finite group G is said to be complete if the center of G is 1 and every automorphism of G is an inner automorphism [1] . 
for all a ~ Aut(W). Therefore @~ o @, = @~. Hence A has a model over k by Corollary 2.
Remark. We can replace (1) and (2) of Theorem 3 by a somewhat weaker condition, namely, Aut(W) has trivial center and for all a~Aut(C/k), there is a biregular birational map ~ from W to W ~ satisfying (2.1).
A Necessary Condition
Let A = (W, V, zr, q~) be a G-covering. For ~ e W,, let G, be the isotropy subgroup {geG:~o(g)(~)=~} and o~cC(W) the valuation ring at the point ~. Choose a local uniformizing parameter t e % at ~fl. Then for g e G~, t o ~0(g) is also a uniformizing parameter at ~. Therefore we have t o q~(g) = ¢. t (mod t 2 0~0), where ( is a root of unity independent of the choice of the parameter t. Denote ( by ~(g). Assigning ~(g) to g ~ G~, we get a map ~ from G~ into the circle group. It is easy to see that (~ is an injective group homomorphism. Let e~ denote the ramification index at ~. From the above discussion, we know that G$ is a cyclic group of order e$. For p e F, define ep to be e~ for any ~ e n-i (p). This is well-defined because n : W~ V is a Galois covering.
Let ~ =exp(2nV-L-l/e~). Denote by g~ the unique g~ G~ such that ff~(g) = ~. Then we have:
If n(~) = n(~'), then g~ and g~, are conjugate in G.
(3.1)
Let p e V. From (3.1) we know that the set {g~ : zc(~) = p} is a conjugacy class in G. Denote this conjugacy class by Cp. Let Co = {1}, C1, ..., Ca be the conjugacy classes of G. We call p a point of type Ci if C~ = Ci. Obviously, p is unramified in W if and only if p is of type Co. For i: 1 < i < s, the number of points of type C~ on V is finite. We denote this number by/~i(A).
We call two points p and p' on V equivalent if there is an automorphism (~, ~) of A such that p' = ~'(p). Let A=(W, V, n, q0 be a G-covering defined over k, ~ a point on W and p = n(~). For an automorphism 0c of C over k, ~ e W, p~ e V and p~= n(~'). Since W is defined over k, • can be extended to an automorphism of C(W), which is denoted by the same letter ~. We have (o~=o m. 
Proposition 9. Let A be a G-covering. Suppose A has a model over k and z(ei; A) = t. Then k contains the algebraic integer ¢i defined by (3.3).
Proof. By Theorem 8, z(k; Ci) = 1. Therefore by the above argument, ~i belongs to k.
Eichler-Setberg" s Trace Formula
Let A = (W, V, n, q~) be a G-covering. Then G acts naturally on the space of holomorphic differential forms of the first kind on W. Denote this representation of G by 0. Then we have the trace formula
where /~t=/~i(A) and S~;s are algebraic numbers associated with G defined as follows.
Let a E Cj. Suppose there is g e Ct such that a is a power of g. Let H be the subgroup generated by g. Denote the set of all cosets x H such that x-lax~H by M. For xH~M, x-lax=~ for a unique integer m mode~. Obviously, m mode~ depends only on the coset xH, not on the choice of the representative x. We denote m by m(xH). Let = exp(2n l/rL-i-/el). Define
~rn(X)
It is easy to see that ifa is also a power ofg' ~ Ci, then S(g, o) = S(#', a). Therefore, we can define S~(a) to be S(#, a) for any O ~ C~ such that a is a power of g. If there is no g in C~ such that a is a power of g, define St(~r)=0. Observe that St(a) depends only on Cj, the conjugacy class to which a belongs. We define S~j = S~(~r) for any a ~ Cj.
Let Xo, ~t .... , Z, be the characters of G, where Xo denotes the trivial character. Set ~tj=~(a) for any a~Cj. Let A=(W,V,n,~0) be a Gcovering and Q the representation of G in the space of holomorphic differential forms on I4<. Denote the multiplicity of X~ in Q by 2~ and the number of points of type C~ on V by/~. Then from (4.1) we have
These formulas relate the numbers of points of different types to the multiplicities of irreducible representations of G in •. 
Gatois Coverin#s Constructed from Fuchsian Groups
. P S L 2 (Z/p Z)-Coverings and the Realisation of P S L z (Zip Z) as Galois Groups
From Shimura's result I-9], one derives easily that PSL2(Z/p2_Z) can be realized as Galois groups over the cyclotomic field Q(exp(2~c V -l/p)). A closer examination shows that this in fact gives us extensions over the quadratic number field Q([/~), where e=(-1) ~p-1)r2. Unfortunately, this can't be used to produce such extensions over the rationals, as we shall see in §2. However, Shimura's recent result on the canonical system of models provides the necessary tool to construct Galois extensions over the rationals with Galois groups isomorphic to PSL2(Z/pZ) for certain prime numbers p (Theorem 12).
Generalities on PS L 2 (Z/pZ).Coverings
Let p be an odd prime. Set where n is a quadratic non-residue modulo p. Then P and Q represent two different conjugacy classes of PSL2(Z/pZ). In the following, we use C1 (resp. (72) to denote the conjugacy class to which P (resp. Q) belongs. It is well-known that every element of order p belongs to either P or Q. Therefore
(1 The last statement follows from Proposition 9, Part 1, and the identity 
where h is the class number of Q(lf~).
Proof. If p-l(mod4), then the assertion follows from the fact that (p) = (--~). Suppose p = 3(mod4). Then
k~-nlk+l)
By (l.l) and the above Lemma we have Especially the covering A associated with SL2(~L has no model over Q. We show that it does have a model over Q(Vep). To prove this we need the following Theorem of Shimura [9] : Let j be the classical modular function and ( = exp(2rt]/-l/p).
P S L 2 (Z/p Z)-Coverings Associated with Subgroups of S L 2 (Z)
Let
Theorem 5. There is a field F with the following properties: (I) F is a Galois extension of Q(j).
(2) C. F is the field of modular functions of level p. 
Oa]~GL2(Z/pZ):a~(Z/pZ)× } and n' = n. sL2(Z/pZ)
Then H'/H is isomorphic to PSL2(Z/pZ ).
Let L and L' be the subfields of F corresponding to the subgroups
H/{+ 1} and H'/{+_I}, respectively. Then Gal(L//2) is isomorphic to PSL2(Z/pZ ).
It is easy to see that E = k'(j), k'= Lc~k and C. L= C. F is the field of modular functions of level p. Hence the extension LIE gives us a model of A over k'. Such a model over k' can also be obtained by using Shimura's theory of canonical system of models. We omit the construction here, because it is similar to the one we are going to give in the following section.
Since E = k'(j) is transcendental over k', by Hilbert's irreducibility Theorem, we have
Theorem 6. Let/?_ be an odd prime number. Then there exist Galois extensions of Q([/ep) with Galois groups isomorphic to PSL2(Z/pZ).
The P S L 2 (Zip Z)-Covering Associated with F o (N)
Let N be an integer relatively prime to p. Denote by A(p; N) the
P S L 2 (Z/p Z)-covering associated with Fo (N).
Prolmsition 7. The PS Lz(Z/pZ)-covering At; N) has a model over
We prove this by Shimura's theory of canonical system of models. (3.6) x-l?-lxy~S forall x~T, 
The restriction of a(?) to Q(V~) generates Gal(Q(~/~)/Q)),
The Rational Points over Q
Jrr(r) (~or(z)) = Jrr(~) (er(Z)) = Or(a(z)) = ~Or(-1/Nz).
f~v(z).fN(--t/Nz)=cN foraU z~9*,
where c~ is a constant specified in the following These fN, cs were given by Klein for prime N [7J, and by Gierster for composite N [2] . When N is prime, the function f~ is defined explicitly as where "+" stands for "V(p; N) has a rational point over Q", "-" stands (p; N)has no rational point over Q", and "(m) = 1" means for \1" / ~/r(p; N) has a rational point over Q if and only if (e) = l~'.
Realizatiorr of PS L 2 (Z/pZ) as Galois Groups
Theorem 12. Let p be an odd prime such that 2, 3 or 7 is a quadratic non-residue modulo p. Then the group P S L2 (Z/p Z) can be realized as the Galois group of some Galois extension over Q.
Proof. LetNbeoneof2,3and7suchthat(~)=-l.
ThenA(p; IV)
has a model A = (W, V, n, q~) over Q such that V has a rational point over Q [cf. Theorem 8 and Table ( By Hilbert's irreducibility Theorem [6] , this is sufficient to prove our assertion. The proof of (6.5) is similar to that of [5, Hilfssatz] .
Remarks
As for the proof of (6.2), note that p > 5 implies that W is of genus _-> 2, (2) is false by virtue of (6.4). In view of (A), (6.1) and (6.2), A(p; 2)with (2)= 1 would give some other such examples.
Appendix
I. Classification of Galois Coverings
Let G be a finite group, g a non-negative integer and nl, nz, ..., n, integers > 2. An ordered system of generators (~x, ill, ..., ~g, Big, ~1 .... We fLX such a system of generators in the following discussion. We call a G-covering A = (W, V, ~, ¢p) with the above V as base space of type {(Pi, nl), (p2,n2), ...,(Pr, n,)} if Pi'S are the only points on V ramified in Wand e~, = n~. Now by [11] and the theory of covering spaces, ~p gives rise to a surjective homomorphism 0 from ~1 (V*) onto G. By (1.3) we see that is an admissible system ofgenerators of G with respect to (n 1, nz ..... n, I 0). Conversely, from an admissible system of generators of G with respect to (hi, n2, .... n,I g), we get a surjective homornorphism 0 from nl (V*) onto G. The kernel of the homomorphism corresponds to a covering of V* which we can close up easily to obtain a Galois coveting of V. Then the homomorphism 0 endows the covering a G-covering structure. Obviously, this G-covering is of type {(Pi, nt), (P2, n2), ..., (P,, n~)}.
Realization of Alternating Groups as Galois Groups
We give a sketchy proof of Hilbert's result [6-] on realizing alternating groups as Galois groups over the rationals by using Theorem 3, Part 1. Let n >= 5, and S, (resp. An) the symmetric group (resp. alternating group) of degree n. Denote the elements (1 2), (1 2 3 ... n) and (n n -1 ... 4 3 1) of S n by ~1, ~2 and ~3, respectively. and (t-1), respectively. Hence the least common multiple of (1-t) and n -(l-1) is n -1. So our assertion follows from Let A=(W,V,1r,~o) be an S~-covering of type (2,n,n-l) corresponding to the admissible system of generators (0q, ~2, ~3) of S,. For tr ~ Aut(C/Q), A ' is also of type (2, n, n -l). Let ()'~,)'2, )'3) be the admissible system of generators of S~ corresponding to A ° (see Proposition 2) .
By looking at the intermediate covering of A corresponding to the subgroup//-{)' e S,:)' fixes 1 }, one can prove that ~,~ is a transposition. Hence A and A ~ are isomorphic by Proposition 2 and 3. Especially, W and W ° are conformally equivalent, Now we can show that ~0(S,) = Aut(W) the same way Hecke proved (6.4), Part 2. Hence in case n 4= 6,
